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THE STRUCTURE OF THE SPACE OF COADJOINT ORBITS
OF AN EXPONENTIAL SOLVABLE LIE GROUP

BRADLEY N. CURREY

ABSTRACT. In this paper we address the problem of describing in explicit alge-
braic terms the collective structure of the coadjoint orbits of a connected, simply
connected exponential solvable Lie group G . We construct a partition p of
the dual g* of the Lie algebra g of G into finitely many Ad*(G)-invariant
algebraic sets with the following properties. For each Q € g, there is a subset
X of Q which is a cross-section for the coadjoint orbits in Q and such that
the natural mapping Q/Ad*(G) — X is bicontinuous. Each X is the image
of an analytic Ad*(G)-invariant function P on Q and is an algebraic sub-
set of g*. The partition p has a total ordering such that for each Q € p,
U{Q': Q" < Q} is Zariski open. For each Q there is a cone W C g*, such
that Q is naturally a fiber bundle over £ with fiber W and projection P .
There is a covering of X by finitely many Zariski open subsets O such that in
each O, there is an explicit local trivialization 6: P~1(0) — W x O . Finally,
we show that if Q is the minimal element of © (containing the generic orbits),
then its cross-section X is a differentiable submanifold of g* . It follows that
there is a dense open subset U of G~ such that U has the structure of a
differentiable manifold and G~ ~ U has Plancherel measure zero.

0. INTRODUCTION

Let G be a connected, simply connected exponential solvable Lie group with
Lie algebra g. Denote by K the canonical bijection from the set g*/G of orbits
in g* under the coadjoint representation Ad" of G onto the dual G~ of G.
In the nilpotent case, L. Pukanszky in [18] (cf. also [16]) gives a detailed and
explicit description of the collective structure on the “generic” coadjoint orbits.
He then obtains a very explicit form of the Plancherel theorem for nilpotent
groups [16]. Pukanszky’s methods actually apply to the “singular” orbits as well,
and the resulting description of g*/G has found more recent applications. For
example in [14], N. V. Pedersen obtains, for any irreducible representation n
of a nilpotent Lie group, a finite set of explicitly constructible generators for the
kernel of dzn in the enveloping algebra U(g.). L. Corwin and F. Greenleaf in
[2] use Pukanszky’s description to obtain the spectral decomposition for induced
representations for nilpotent groups in terms of the orbit picture. Again the
results here are quite explicit; in particular, given the spectral decomposition for
an induced representation, a criterion is given for (generic) finite multiplicity.
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In this paper we shall give a detailed and explicit description of the collective
structure of the space g*/G in the case that G is exponential.

We note that most (but not all) of the above results on spectral decomposi-
tion were later obtained by R. Lipsman [10] by somewhat simpler methods
where the use of the Pukanszky description is kept to a minimum. Lips-
man’s approach to spectral decomposition applies to a broad class of groups
including the completely solvable groups [9, 11]. In the exponential case, there
is a Plancherel theorem (cf. [5]) and the spectral decomposition of induced
and restricted representations has (much more recently) been described by H.
Fujiwara [6, 8], again by means of the orbit method. However, a criterion for
generic finite multiplicity in the exponential case is not known.

We recall the results on the structure of g*/G in the nilpotent case. In
[18] It is shown that there is an Ad*(G)-invariant Zariski open subset Q of
g*, and a subspace V' in g*, such that the coadjoint orbits in Q all have
the same dimension, and such that the algebraic set ¥ = QN V is a cross-
section for g*/G, that is, £ meets each orbit in Q exactly once. There is a
rational Ad*(G)-invariant function P : Q — Q such that £ = P(Q), and the
natural bijection between Q/G and X is a homeomorphism. Finally, there is a
subspace W in g* and a computable, rational, nonsingular map © : ZxW — Q
such that for each 1€ £, O(I, -) is a polynomial map whose graph is the orbit
of [. Recall also that the bijection K is a homeomorphism [1] (where G~
carries the hull kernel topology, and g*/G the quotient topology). Thus if G
is nilpotent, there is a dense, open subset of G~ which has the structure of a
differentiable manifold.

It is easily seen that Pukanszky’s technique yields a partition of g* by a finite
collection of algebraic subsets {€2.} such that for each €., one obtains objects
V., X., W.,and O, analogous to the above. There is a natural total ordering
of {Q.} such that the minimal element is Q, and for each Q., U{Q. :
Q. < Q.} is Zariski open. The Q, and all associated objects depend only
on the choice of a Jordan-Holder basis for g; once such a basis is chosen,
the constructions for all these objects are quite explicit. The ordering of the
Q. and the algebraic computability of the cross-sections make this version of
Pukanszky’s result particularly useful. The partition {Q.} has been useful
in the solvable case as well. For example in [13], N. V. Pedersen obtains a
character formula for an irreducible representation the construction of which
depends only on the layer Q. containing the associated orbit (cf. also [15]). In
the solvable case however, given a layer €., it is not possible to construct a
“nice” cross-section X, for Q. as in the nilpotent case. In particular, if Q is
the Zariski-open layer of Pukanszky, then Q/G may not be a manifold even
in the algebraic completely solvable case. In this paper we show that in the
exponential solvable case there is a finite refinement of the partition {Q.} such
that in each of the refined layers, one can obtain computable objects analogous
to V, X, W,and ©. This refined partition also has a nice ordering, and the
layers are algebraic subsets of g*. Our constructions depend only on a choice of
bases for g and its complexification g. (the latter being a Jordan-Holder basis).
To be more precise, we state an abbreviated version of the main theorem of this
paper.

Theorem. Let G be a connected, simply connected exponential solvable Lie
group with Lie algebra g, and let {Z,,Z,,..., Z,} be a Jordan-Holder basis
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of gc. Let fj=2Zr (1< j<n) be the dual basis in g; . Then there is a finite
partition o of g*, computable in terms of the above Jordan-Hélder basis, with
the following properties:

(a) each Q € p is G-invariant,

(b) for a given Q € p, the dimension of the coadjoint orbits in Q is constant,

(c) there is a total ordering Q) < Q, < --- < Q, of p such that for each Q,

U{Q': Q' < Q} is Zariski open in g*.
Given Q € p, there is a subspace V in g* and a cone W in g*, and there
are associated to Q indices 1 and ¢, for each j €1 a complex valued rational
function p; on g* and for each j € ¢, a complex valued rational function g
on g* such that

(d) p; is nonsingular on Q, and q; is nonsingular and nonzero on Q, and
G-semiinvariant,

(e)theset T={leVNnQ:pj() =0, jer, |[ggN*=1, jep} isa
cross-section for the coadjoint orbits in Q.

Moreover there is an analytic G-invariant function P : Q — Q such that
P(Q) =X, thereis a cone W(Q) in g* and a cover of ¥ by Zariski open sets O
with the following property. For each O, there is an analytic map © : P~1(0) —
W(Q) x O such that for each A € O, ©~!(-, ) is an analytic diffeomorphism
of W (Q) with the coadjoint orbit of A. In particular Q is a fiber bundle over
with fiber W (Q) and projection P .

The notation and wording of this theorem follows to some extent that of
Theorem 1 of [2], in which Pukanszky’s result for the nilpotent case is stated
in its more general form. We remark that if G is completely solvable, then the
bundle structure of each  is trivial. The details of the completely solvable
case are in [4]. In any case, if Q is the minimal element of p and X its
cross-section, then we show that X is a smooth submanifold of g*.

In the exponential case, it is known that K is bicontinuous on a dense open
subset of G~ [7], in fact, there is a computable partition of g*/G (which
includes a dense open set) on each element of which K is bicontinuous [3].
Combining the above results with Corollary 4.8 of [3], we have the following
result.

Theorem. Let G be as in the above theorem. There is a dense open subset U of
G~ such that U has the structure of a differentiable manifold (whose underlying
topology is the relative hull-kernel topology on U) and G~ ~ U has Plancherel
measure zero.

1. A LAYERING OF g*

Let G be a connected, simply connected exponential solvable Lie group with
Lie algebra g. We begin by choosing a basis X;, X, ..., X, of g with the
following properties. Set g; = span{X,, X, ..., X;}; we choose our basis so
that for some p (1 < p < n) g, is the nilradical of g, and so that if g; is
not an ideal, then g;,, is an ideal, 1 < j < n. We shall call such a basis a
“good basis” of g. Let I = {j :g; isanideal}, I' ={jel:j-1¢€l},
I"=I~1.Let ¢j=X; (1 <j<n) be the dual basis in g*. For [ € g*,
X € g, let [X,]] = ad” X(I); we denote the coadjoint action of G on g*
multiplicatively. Consider next the complexification g. of g; we have g C g,
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as a subalgebra, and we extend elements [ € g* to g. in the natural way so that
gt ={leg::(Z)=1Z)"}. Define elements Z; (1< j<n) of g, as follows.
Fix j, 1<j<n;if jel set Zj=Xj,andifj€I”,set Zj—-l =Xj_1+in
and Z; = X;_; —iX;. The set {Z,, Z,, ..., Z,} constitutes a Jordan-Holder
basis of g.; we shall refer to it as the Jordan-Holder basis corresponding to
the good basis {X;, X,..., X,} of g. Let s; be the ideal in g. spanned by
{Z,,2,,...,2Z;} 1<j<n.Let fj= Z; (1 <j < n) be the dual basis in
g . Note that for each j,if je I, then f; =e;, whileif j € I”, then

f:,‘_l =(€j..1 —iej)/2, f,-=(ej_1 +i€j)/2.

Let V; = spang{€j;1,...,es}, W, =spang{e;, ..., e;} = g*/V;, 1 < j<n.
Let = : g* — W, the projection parallel to V. Then for each j, V; isa G-
submodule of g*, and W; is naturally a G-module such that sz;(l) = 7;(sl),
s€G,leg. Foreach j, 1 < j<m,let j/=max{i € I :i < j}
and let j” = min{i € I : i > j}, and let y; € g* be defined by [X, fj] =
yi(X)fimod ((Vjn)), X € g. Set C; = kery;, 1 < j<n. Fix jel
and let U be the irreducible G-submodule of W, canonically isomorphic to
Vi:/Vj. For each | € g* consider the equivalence relation on the affine set
nj() + U C W; induced by the quotient space W;/G. It is known that there
are essentially four “types” of such equivalence relations: (0) 7z;([) + U meets
each coadjoint orbit at at most one point, (1) z;()+ U is contained in a single
coadjoint orbit, (2) m;(I) + U meets a one parameter family of orbits, each in
a one dimensional affine subset, or (3) generically, 7;([) + U meets a family
of orbits parameterized by S° (here S° = {-1, 1}) if dim(U) = 1, or S!
if dim(U) = 2. The types (2) and (3) will occur only if G is not nilpotent.
In the type (3) case if dim(U) = 1, then (generically) the equivalence classes
will be two open half lines, while if dim(U) = 2, the equivalence classes are
“exponential spirals” in U . Forany s € G, n;(s[)+U has the same equivalence
relation type as m;(I) + U. We wish to define G-invariant layers in which, for
each j, the equivalence relation type of n;(l) + U is “constant.”

For each [ € g*, and for any subset h of g.,let b' = {Y €ge:([Y,X])=0
for all X € b}, and set R(I,h) =h'Nnh. Let L;() =5, 1 <j<n,and let
R( ) = Ly(l). For each [, we define a subset of mdlces Joc{l,2,...,n} by

={j:Lj(1)# Lj_( }. It is easily seen that J; = {j : s;+R(I) #s;_1 +R()}.
Let E={Ji:1€g*} and foreach J € E,let Q; = {leg*:Jy=J}. Each
Q; is a G-invariant algebraic set, and the set E has a total ordering such that
foreach J € E, |J{Q, : J' < J} is a Zariski-open subset of g*. As is shown
in [13], there are semi-invariant polynomials {Q, : J € E} such that

Q={leg :Qu()=0,J <J,Qs0)#0).

We now define for each j (1 < j <n) and [€ g*, the “type” 7;(I) of [ at j
as follows:
r,([) 0 if for every I' € 7, 'y, Ly = L (1),
() =1, if dim(L; ()ﬂC;/L“ nC) j,
() =2,if j' - j—2andd1m(L ﬂC/Ln )ynC;)=1, and
7;(1) = 3, if there is ' € 7;;'(I) such that L; () # L;«(I') but

Li(')nC; = Li»(Y)nC,.
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It can be seen from the proof of Proposition 5 in [17] that if
dim(L;()nC;/Li»(hNCj) =1,

then dim(L;: (I)/L;» (1)) =1 (hence 7; is defined for all [), and that 7;([) =0
(resp. 1, 2, 3) if and only if the equivalence relation on x;(I) + U is of type
(0) (resp. (1), (2), (3)) (these facts will also follow from the sequel). Simple
examples show that the functions 7, are not necessarily constant on the lay-
ers Q;; note however that for any [ € Q;, 7;([) = 0 implies dim(n;.(G))
= dim(n;(GI)) (hence j ¢ J), while 7;(I) = 1 implies dim(n;:(Gl)) =
dim(n;:(Gl)) + j — j' (hence j € J). In order to obtain the desired layering,
we shall first define a partition of each ; into G-invariant algebraic sets in
which the conditions 7;([) = constant are determined by explicit polynomials.

Let Jej, J#@,andwrite J = {j; <j»<---<jy}. Let [€Q;. Denote
by p(l) the complex subalgebra p(l) = 3 R(I, s;); p(l) is totally isotropic
with respect to the alternating bilinear form B; on g, associated with [. Let
JO) ={j:s; +p(l) #sj—1 +p(1)}. Since p(l) D R(I), we have J; D j(I), and
card(j(l)) = codim(p(l)) = d/2. Let i(l) = J ~ j(I). We define a sequence
of subalgebras g. = ho(I) D hi(I) D -+ D bya(l) as follows. Set ho() = g
and set i; = j,. Assume that for some k, 0 < k < d/2, b(l) is defined
and dimc(g./hi(l)) = k ; from dimensionality considerations we have b (I) #
R(1, b (1)) . Let ix,,; be the smallest index i such that s; N h(I) ¢ R(I, he(D))
and set

D1 (D) = (84, N (D) N (D).
Then b, (I) is a complex codimension one subalgebra of h,([). We terminate
the process when k + 1 = d/2, thus obtaining indices iy, iz, ..., iz;». Note
that by construction, if b, (I) D R(I) then b, () D R(I), 0 < k < d. It follows
immediately that
be(D) D R(1, be(D)) D R(V).
Note also that for each k (1 < k < d/2), and j such that iy < j < ix,,
Lj(f) C bg(t). Foreach k =1,2,...,d/2, let j(iy) be the smallest index j
such that
s5; N bhe_1(1) € i (D).

The following lemma generalizes Lemma 3.2 of [3] and the statements preceding
Lemma 1.1 of [4].

Lemma 1.1. Foreach k, 1 <k <d/2, ire J, jlix) € J, ix < j(ix), and for
k <d/2, iy < igyr. Moreover, by,(1) = p(l), i(1) = {i1, i2, ..., lap}, and
JO =), jG2), ... jliap)}-

Proof. If iy ¢ J, then there is Z € R(l) such that s;, = CZ +5s, ;. But since
R([) C R([$ bk—l([)) )

si, N1 (1) = CZ + (si,—1 N1 (1)) C R(L, ey (1)),

a contradiction. If j(ix) € J, thereis Z € R([) such that s;;,) = CZ +5j(,)-1 -
Since R(I) C b (),

5j(i) N k=1 (1) = CZ + (sj(;,)-1 N he—1 (1) C hee(D),

a contradiction.
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Now by definition of iy, s;, —1 Nhe_;(I) C R(I, hr—;(I)) ; hence
[sic N b1 (D), 54, N br_1(D)] C ker(1)
so that b;, Nhe_ () C he(l). Thus iy < j(ix). Similarly,

si, N hie(1) =i, Nhe_1 (1) C R(L, hie(D)),

and so by definition, iy < i;,;. This proves the first statement of the lemma.

To show that b,/,(1) = p(l), it is enough to show containment one way. Let
Z € R(1, s;) (some t) and suppose that Z € h,(I) forsome k, 0 <k <d. We
show that Z € b, (). If ¢t < iy, , then by definition of iy, |, Z € s,Nhy(l) C
R(1, (D) C brsr (1), while if ¢ > iy, then

Z € R(1, s) N he(D) € (s N (D) N b (1) C begr (D).

Since Z € ho(l) = g, it follows that Z € by s(1) .
Next we show that i(l) = {i;, iz, ..., ig)2}, and for this it suffices to show
that i, ¢ j(I), 1 <k <d. But this follows from the fact that for each k < d,

R(1, be(1)) C R(1, ey (1) Cp(D),
so that
si, Csi,—1 + R(L, br_1 () C 51 +p(D).

Finally, to see that j(I) = {j(i1), j(i2), ..., j(igs2)} , note first that for each
k,if j & j(), sj Csj—1+bk(I) and hence s;Nhy_;(I) C s Nhg_ () +he (D). If
J(ix) € j(U), this implies s;Nb;_;(I) C hi(I), a contradiction. On the other hand,
if j € j(I),let ky be the smallest k, 1 <k <d/2,suchthat s; Cs;_;+h(l).
We show that j = j(iy,) . Now choice of ko implies that s; N by _;(I) Z b, (D),
hence j > j(iy,). But j > j(iy,) implies

5j C8j1 + bip—1(D) C8j—1 + 505, ) + o (D) = 851 + b, (1)
contradicting choice of kg . This finishes the proof of the lemma. Q.E.D.

Now for each [ € g*, let us denote the pair (i(l), j(I)) by «(l); it is easily
seen that for each s € G, a(l) = a(sl). Let 4; = {a(l) : 1 € Q,} and for each
a€Ady,let Q,={1€Q;:a(l)=a}.

Proposition 1.2. The set {a:a € Ay, J € E} has a total ordering <, such that
Joreach o, \J{Qu : &' < a} is a Zariski-open subset of g* .

Proof. We first let A; have the total ordering < defined by the lexographic or-
dering on the set of d/2-tuples {j(I) = (j(i1), j(i2), ..., j(iqs2)) s (i(V), j()) =
a € Ay} . We claim that for each a € A, there is a complex-valued polynomial
P, on g*, such that

Qa: {[EQJIR,/([)=O,(1,<Q, P,,([)#O},

in particular each Q, is a G-invariant algebraic subset of ;. This is easily
seen as follows. Let a € A5, a = (l] R £ SN id/z, j(il), j(iz), RN j(id/z)) .
Suppose first that o is the minimal element of A;. For each [ € Q; define
Z,’I([) = Z,‘I , Zj(il)([) = Zj(il)' Note that i, = i;(I) for every [ € Q;, and
we have j(i;)() = j(i;) if and only if ([Z;;;,)(1), Z;,(1)]) # O, in which case
ir(I) =i,. Foreach 1€ Q; set

Z,(1) =Z;i,)» Zi,(ONZi, = W Zi,, Zi, (ODZj(iy)
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and

Zjin() = U[Zji)) » Zis ODZjtiy) = W[Zj(ir) » Zin ODZ i)
Then for every [ € Q; we have ](11)( 1) = j(iy) and j(iz)(I) = j(i>) if and only
if ([Zj;)(1), Zi,(ODU[Z;(ip) (D), Z;,(N]) # 0. Continuing in this way we obtain
for each [ € Q; elements Z,,() Zi,(Ds s Ziyy (D5 Zjin(D) s Ziiy(D)5 - -2
Zji, ) (l) belonging to g. which depend polynomlally on [ and such that | € Q,

J( ld/z

if and only if P,(I) # 0 where

Po(D) = U[Z(i,) (D), Zi, (DDUZ;(i) (D5 Zi,(OD -+ - W Z (1)) (D 5 Ziy,(DD-

Now assume that o is not the minimal element of A; and that for each
o' < a, we have defined a polynomial function P, (I) such that Q, = {l€ Q; :
Pyi()=0,a" <o, Py(l) # 0} . Then for [€ Q;, we have [€ J{Qp : B > a}
if and only if for every o’ < a, Py (I) = 0. Now for [ € J{Qp : B > a}, we
construct P,(I) in the same way as above, so that for such I, we have [ € Q,
if and only if P,(l) # 0. This proves the claim.

The set {a:a € Ay, J €j} then has a total ordering <« defined as follows:
if a € A7 and o € Ay ; then o < o when J < J',orif J = J', when

a<a'. Now foreach a € 4y,
) (Z Pafa)z)} # 0}) ,
a'Ka

Qo i < 0} = {[: > 0r+
Ji<d
Remark. The above partition of Q; into the sets {Q,} has been considered
in the nilpotent case by L. Pukanszky [18] and N. V. Pedersen [12]. Let
J ={j,:1<r<d}, and let M,(l) denote the skew-symmetric matrix
[([Z),, Z;,D))i<r,s<a - It is easily seen that the condition P,(I) # 0 is equiv-
alent to the condition that each of a certain set of minors of M;(I) does not
vanish. It follows that there is a covering {O,} of Zariski-open subsets of Q;,
such that for each «,

and the proof is complete. Q.E.D.

Q. = Q; ~ | J{Ow : 0’ < a}.

Pukanszky’s construction of the cross-section for Q;/G requires this covering
(cf. [18, Chapter II, p. 515]), though the cross-section is ultimately defined for
all of Q;/G. In the context of solvable groups however, the partition {Q,} is
necessary since the type functions 7; may not be constant on the sets O,. We
shall see that in each €, , the condition that 7; be constant is a polynomial
condition.

Fix JeE, J#o, e Q; and let d = dim(Gl). Foreach je JNnI,if
j—Jj =1 (resp. j—j =2) choose X; (resp. X;, X;_;) a basis of L;(I)
modulo L;(I). Then the mapping RY — GI given by

(tl sy oo, td) — exp(thjl)exp(thh) ---exp(thjd)[

is a diffeomorphism. We shall give a construction which shows that for each set
Q. , there is a covering of Q, by Zariski-open subsets O such that the X; can
be chosen so as to vary analytically with [ € O. This construction generalizes
that of the proof of Lemma 1.1 of [4]; unfortunately the extra complications
encountered in the exponential case are considerable.
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For aa€ Ay, a=(i,j),andwrite i={i1, I, ..., id/z}, j={j(i1),j(i2),
...,j(id/z)}. Let Ko={k:ik61/}, K, ={k3ik¢1,ik+l ¢J}, K, =
{k:ixel”,iy—1=j(i,) forsome r <k}, Ks={k:ip&1,ix+1=ji)
for some I‘Sk}, K, = {k e el +1 = ik+1},and K5 = {k D €
I", i, — 1 =iy} = K4+ 1. From the properties of the sequences i and j
proved in Lemma 1.1, it follows that {1, 2,...,d/2} =KoUK;U---UK5s (as
a disjoint union).

Lemma 1.3. There is a covering F of Q, by finitely many Zariski open subsets
such that for each O € F, and for each k, 1 < k < d/2, there are analytic
Sfunctions X, and Y, from O into g and an analytic function ¢, from O into
S! having the following properties.

(i) The maps 1 — ¢, (N X, (1), [ — ¢p ()Y (1) extend to rational functions from
Q. into g. and are independent of the open set O € F .

(ll) For each L€ O, X (D) e Sj(ip)" ™~ Sj(iy) and Y. () e i ~ S .

(iii) For each 1 € O, [([X (1), Y, ()]) #0, and foreach r (1 <r<k-1), we
have ([ X, (1), X,(D]) = (Yx (D), X, (D]) = (Y, (D), Y,(D]) = (T, (D), Y:(D]) =0.

(iv) If k € KoUK, UK, U K3, then for each | € O, Xi(1) € br_ (1), and
Yi(1) € by (1) . Moreover if k € KoUK; UKy, (1) = br_y () N {Y, (D}

(v) If k € K4, then for each | € O, each of Xy (), Xip1(V), Yi(l), and
Yi1 () belong to by_(1). Moreover by, (1) = br_1 (D) N{Yi(D), Yira (D}

Suppose that for some k (1 < k < d/2), jlix) ¢ I' and Zji,) # Zji,),
for r < k. Suppose further that k ¢ K5. Then there is an analytic function
[ - Xi ()™ € g satisfying the following.

(i) The map | — ¢, ()X (1)~ extends to a rational function on Q, into g,
which is independent of the open set O.

(ii) For each L € O, Xi (1)~ € s, ), the elements X, (1) and X\ (1)~ are
linearly independent modulo s,y , and ([ X, (1)~ , Y, (]) = 0.

(iii) In this case j(iy) € I unless k € K4 and j(ix) — 1 = j(ixs1), and if
k & K4, then for each 1€ Q,, X ()~ € be(l).
Proof. We proceed by induction on k =1,2,...,d/2. Suppose that k =1.
We consider each case 1 € K; (0 <t <5) separately.

Suppose that 1 € K. For each [ € Q,, set Y (I) = Z; , and write Zj;,) =
X1+ iX,, where X, € g. Set

X () =Re(([Z i), (DD Zjy)»  Xi()™ = Im((Z s,y » (DD Zj(iy))-
Let ¢(f) = 1. Then K[X,(1), Yi(D]) # 0, ([Xi()™~, i(D]) =0. If j(i) ¢ I',
then j(i;) ¢ I and X;(I) and X,([)~ form a basis of s;(; )» modulo s;(;,) . It
is immediate from the definition of h;(I) that b;(I) = {¥;(I)}', and hence that
Xi(0~ € (D). _

Suppose next that 1 € K; so that Z; =Z, .. Fix 1 € Q, and set
Z=2Z()=UlZ;u), Zi)Zi —WZju)> Zi)Z;
so that I([Zj.,), Z]) = 0. We claim that Z € R(I). For let ¢ € C such that
7,-, +cZ;,+ W € R(l), W € s;,_,. Then by definition of i;, W € R(l) and
hence Z;, + cZ; = Zy € R(l). It follows that Z, is a multiple of Z and the

claim is proved.
Now if Z;;,, € g we simply set X(I) = Zj;,,, ¢() =1, and

Yi() =Re(([Z;ii,), Zi,)Zi,).
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It is immediate that X,(I) € Sji) ™~ Sji) > Y () € S~ 51, and hi(l) =
{Y1(1)}'. Suppose that Z;;, ¢ g. Note that since Z € R(l), then Z € R(l),
and since Z;, ¢ R(I), Z and Z must be linearly dependent. It follows that
the complex numbers [([Z;;,), Re(Z;,)]) and [([Z)(;,), Im(Z;,)]) are R-linearly
dependent. For simplicity of notation set Y; = Re(Z;,) and Y, = Im(Z;)).
Define, for t =1, 2,

0, ={1eQy:U[Z),,, Y]) #0}.
For (€0, (t=1,2) set $()) = U[Z;s)» YD/IM[Zjiy» YD), set

Y1) =)' (Zjii,), IDY1 + ([ Z(4) > Y2DYa)
and
X1,:(0 =Re(([Z i) > Y1,:(DDZji,))-
If j(i,)) g, set

X1, =Im(I([Z ), Y1,:(0)Zj,))-

It is clear [ — ¢; ((I) is analyticon O, (¢t =1, 2) and that [ — ¢, ,()X;,,(1),
[ — &1 (DX; (), [ = ¢1,0)Y; (I) extend to rational (in fact polynomial)
functions on Q, independently of ¢. (We drop the subscript ¢ in denoting
these functions.) For each | € Q,, and for each ¢ = 1, 2, we have that
Yi..(00) € Sp ™~ Sir, that X; () and X, ,(I)~ form a basis of sj;,)» modulo
sji,y > and ([X, (1), Y1 ((D]) # 0. It is also immediate that b; () = {Y; ,(D}".
Note also that in this case j(i;) € I, and hence (if j(i;) € I'), X; ()~ € i (V).

A standard argument (using the fact that g is exponential) shows that 1 ¢
K;. To finish the case k = 1, it remains for us to verify the lemma for
k =1¢€ K,. Here we have A4 € L; (I) ~ ker(y;,). A standard argument shows
that Vit = —7i and Zj(iz) = 71'(,") and that forevery [ € Q,, ([, Y2]) =0.
Set

Y, (I) =Re(Z;,), Y>(I) = Im(Z;,).

Since i[ +1= I and Zj(iz) = 7./(1]) , We have [([Zj(il) N Y]([)]) # 0. Set

X1(D =Re(([Z 1), (DD Z)(i,)
and
xXi()~ =Im(([Zi,), T(ODZji,))-
Set
Xo() = X1 (N~ —w(X (H™, NYi(D),

where w(X(1)~, 1) = ([X: ()™, Xi(DD/U[Y1 (D), Xi(D]). Set () =1, € Q,.
Then the maps [ — Yi(I), | — Yo(I), [ — Xy(I), I = X3(), and | — X ()~
are rational on Q, and we have that s, = span{X;(l), Xi()~} + 54,y =
span{X;(l), X»(I)} + 5,y - By construction, [([X;(I), Xo(1)]) = W([X;(1), Y2(D)])
= [([X3(1), Y1(1)]) = 0, and by definition of (1), ho() = {Y,(1), Y>(1)}'. This
finishes the proof for k = 1.

Suppose that k > 1, and suppose that there is a finite cover Fy of Q,
consisting of Zariski open subsets, and having the properties described in the
lemmafor 1 <r<k-1. Thusforeach Oe Fy,and r, 1 <r<k-1, we
have functions Y, and X, from O into g and ¢, from O into S! satisfying
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the properties set forth in the lemma, and if r ¢ I', r ¢ K3, and Zj;) # Zj;.)
r' < r we have the function X;” on O as in the lemma.
Foreach r, 1 <r<k-1,1€Q,, set

¢, (1) = span{g (N X, (1), ..., & (DX,()), B1 (O Y1 (D), ..., (DY, (D)};

then we have g. = & (I) @€, (I)'. For each Z € g, let p,(Z, 1) be the projection
of Z into &(I)" parallel to & (I). It follows that for each Z € g., and for each
r,1<r<k-1,1- p(Z,1) is arational mapping of Q, into g.. Moreover
it is easily seen that for each [ € Q,,

(i) pr(-, 1) maps g. into h,(I) and commutes with conjugation,

(ii) foreach j=1,2,--- ,n and 1€ Q,, p,(s;, ) Cs;»,and

(i) if r ¢ Ky, and if j & {iy, @2, ..., i, j(i1), j(i2), ..., j(ir)}, then
p,-(Zj, ) e 5;j~S§j_1.

First we prove a fact which will be used several times in the sequel, namely,
that for any r (1 <r < k), if r € K4, then j(i,41) > j(iy)'. Setting p =
Pr—1(+5 1), 1 j(irs1) < JGin)', p(Zji,,)) € br—1(D) N8y C be(l) N8,y , and
p(Z;,)enh()Ns;,, ; hence

(P(Z i) s P(Zi))) = [P(Zji,,) > P(Zi,, D)™ #0.

But p(Z i) € br—1(1) N'sj(i, C b,(1) implies that (([p( i) > P(Zi)]) =0,
a contradlctlon

We shall next verify the induction step considering each case k € K;, 0 <
t < 5, separately. We will show that there is a cover F, having the properties
described in the lemma for 1 < k' < k. We shall begin each case by implicitly
fixing | € Q,. When [ is fixed, we set p = py_ (-, 1) if kK ¢ Ks and p =
Pr—2(+, 1) if k € K for brevity of notation.

Case (0): k € Ko. Here we let Fy, = Fy. Set Y, (I) = p(Z,;,), and set

X (D) = Re(l[p(Zji) » Yie(DD)P(Zjiiry))-

Since p(Z;,) is a basis of 5iknbk—l([) modulo s;,_;Nhi_ (), then by definition
of br(D), be(D) = br—1(1) N {Ye(D}'. It follows that I([Xk(D), Yi(D]) # 0. If
j(lk) €I’ and Zj(ik) # Zj(ir) , r< k , then set

X ()™ = Im([p(Z i) » YeODP(Zii,))-

In this case [([X;(1)~, Y, ()]) =0 and X, (I) and X, ()~ form a basis of s;;, )~
modulo s, . We set ¢ ([) = 1 and it is immediate from the rationality of
Pi—1(Zji,, +) that the maps [ — X, (I) and [ — Y,(I) are rational on €, . Let
O € Fy; since Y;(I) and X, (I) lie in the range of p, we have for each [ € O,

(Y (D), X:(D]) = ([Y(D), Y,(N]) =0, I<r<k-1

Case (1): k € K, . The proof here is similar to the proof in the case k = 1 € K| .
Set

Z =z =Ulp(Zju) P(ZiINP(Zi) = Wp(Zjiy) » P(Zi)))P(Zi,)

so that [([p(Z;(;,)), Z]) = 0. It is easily seen that Z € R(l, h;_(1)) ; the proof
of this is similar to the case kK = 1 € K| and will be omitted here.
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Now since p(gc) € bi-i(D), ([P(Zjy)- Z)) = W[p(Z ), Z)” = 0. I
follows (as in the above case k = 1 € K;) that Z and Z must be linearly
dependent, and that the numbers

([r(Zjir) » Re(p(Zi))]) and  K[p(Zj(i)), Im(p(Z;,))])

are R-linearly dependent. Now let O € Fy; then O = O, U0, where O, = {l €

0:U[p(Zj,)), Re(p(Z;,)]) # 0} and O, = {L€ O: ([p(Z},)), Im(p(Z;,))]) #
0}. For 1€ O, set

br 1 (D) = Ulp(Zji,)) > Re(p(Z:))D/IU[P(Z)(ir)) » Re(p(Zi)D)
and for [ € O, set
&k, 2(D) = U[p(Zj(iyy)) » Im(p(Z;, D)/ IU[P(Z} i) » Im(p(Z3,)])I-

For t=1,2, 1€ O, set
Yi, (1) = ¢x, (0" (([p(Zj(s,)) » Re(p(Z,,))]) Re(p(Z,))
+ W[p(Zjiy)) » Im(p(Z;,)]) Im(p(Z;,))
and
Xi. () =Re(([p(Z i) > Ye, (ODP(Zji,)))-
If j(ix) €1’ and Zj;,) # Zji,), r < k, then set

X 1)~ =Im(([p(Z i) > Y, (DD P(Zj(ir))-

It is immediate from the rationality of p that [ — ¢ ,(0)Xk () and [ —
¢k ()Y (1) extend to rational functions on €, . By definition of j(i;) we
have [([Xg (1), Yk (D)]) # O, and by construction [([Xy ,([)~, Yk (0)]) =0,
l€O,. Since Y; ,(I) and X; ,(I) lie in the image of p, we have

([Yk, (D, XA (DD = K[, (1), Y,(D]) =0, 1<r<k-1

Thus the cover F; = {O,, O, : O € Fy} satisfies the conditions of the lemma
forall k', 1 <k'<k.

Case (2): k€ K;. Let r < k such that i, — 1 =j(i,). Fix O€ Fy and [€ O.
By induction we have X,(I)~ € h,(I)Ns;, ~s;—; and ¢,(I) € S', such that the
map [ — ¢,(I)X,()~ is rational, and {X,([), X,(I)~} is basis of s;, mods;, _; .
Since p(X,(1) = 0 and p(Z;,) € s, ~ si,_, , we have p(X,()™) € b1 (DN(s;, ~
si—1). Weset ¢ () = ¢,(I) and Y, () = p(X,(I)~). Then [ — ¢ ()Y (I) is
rational and for each [ € Q,, bhi() = hr_ (1) N (Y (D)". Set

Xi(1) = Re(([p(Z ) » Ye(ODA(Zjiip)) »
and if j(i) ¢ I' and 71»(,»“ #Zj,, forall r<k,set
X (0~ = Im(([p(Z j5)) » Ye(DDP(Z;(30)))-

Then X (1) € sj(i,)Nbi—1() ~ sj(,)—1 , and the mapping [ — @ ()X (I) extends
to a rational function on €, . By definition of j(i;), we have [([X,(I), Y, (D]) #
0, and if _](lk) ¢ I' and 7j(ik) ?é Zj(,‘,) , forall r <k , then [([Xk([)~ , Yk(()]) =
0. Since Xi(I), Y, () are in the image of p, we have [([Y,(I), X,(})]) =
([Ye(D), Y,(1)]) =0, 1 <r<k—1. Thus in this case we take F), = Fp.
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Case (3): k € K3. We claim that in this case iy + 1 = j(ix). Suppose that
for some r < k, j(i,) = it +1. Note that r ¢ K3. Fix [ € Q, and fix
O € F such that [ € O. To prove the claim we consider the three subcases: (a)
re KoUK, UK;, (b) r € K4, (¢) r € K5, deriving a contradiction in each case.

(a) Here we have r—1 ¢ K4 and b,(I) = h,_;()N{Y,(D}'. Set p=p,_1(-, 1).
Now p(Z;,)) € hr—1() Nh,_1 (1), and since i < j(iy),

P(Zji,y)~ = p(Zi,) € be(1).

Thus ([p(Z;i,)), Y,(N]) = Wlp(Zy), Y,(DI)~ = 0. Since b (I) = b1 ()N
{Y,(n}' this gives p(Zj,)) € b,(I). But according to the induction hypothesis,
P(Zji,) € br—1(DNsj(;,) ~ 5j(;,)—1 5 hence by definition of j(iy), p(Zji,)) € br(D) .

(b) Wehave r—1¢ Ky. Set p=p,1(-, ). If i +1=j(i;) and r € K4,
then p(Z;, ) e b () Ns;,, , p(Z;,) € b (I)Ns,; , and hence

([p(Zy), p(Z:,,)]) = Ulp(Zjiiy)» P(Zir)])™ #0.

But this implies j(i,41) < ix = j(i;)' + 1, contradicting the fact that j(i ;) >
J(@)".

(c) Here r—1 € K4,r —2 ¢ Ky; set p = p, (-, ) as in the lemma. We
have j(i;) > j(i,—1)’. Since Zj;,) # Zj,_,), it follows that j(i,_;) < iy . Now
choose a, b € C such that

W =ap(Z)+bp(Zj,_,) € br-1(0).

Since W € s, and i, < j(ir), W € b(I). Also W e b,__z([)‘, and since
br(1) = br—2(1) N {Y,_1 (1), Y,(D}', we have W € b,(I). But W € sj;,) ~ 5j(;,y
and hence

5i) Nhr=1(0) C (CW +5;0i,)-1) N b1 (1) = CW + (s(i,)—1 N br—1 (1))
C CW + (1) = b(1),

contradicting the definition of j(i,). This proves the claim.

Now let O € Fy. For 1€ O, set Y () = Im(p(Z;,)), Xk() = Re(p(Z,,)),
and set ¢, () = 1. Then it is easily seen that F| = Fj satisfies the conditions
of the lemma.

Case (4): k € K. Recall that in this case j(ix+1) > Jjlix)' . We consider two
subcases: (a) Zj(i,) = Zj(,,) » and (b) Zji) # Zj(i,.) -

(a) Here the proof is 51m11ar to the proof given above when k =1, with Z; ,
Zji replaced by p(Z,,() p(Zj,) , respectively, and using the properties of
the mapping p. We omit the detalls

(b) Here j(ixy1) > j(ix)”. Set as before

Z=Z()=UP(Zju) P(ZiP(Zi) = WP(Zjiiy)), P(Zi))P(Zi,),

so that I([p(Zjq,), Z]) = 0. We claim that [([p(Z ,(,k)) Z]) = 0. For since

Jlixgy) > j(ik)” there is ¢ € C such that p(Z;,)) +cp(Zj,)) € b (1), and
hence

([P(Z i) +cp(Zji))» ZD) =0
Thus (([p(Z(,)), Z]) = 0. Now by the above claim,

(p(Zjii) » Z])'—[([p( }(’k)) Z)" =
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As in the previous cases it follows that Z and Z must be linearly dependent
(since otherwise p(Z;,) € span({Z, Z})) and that the numbers

([p(Zji,)), Re(p(Z,))]) and  K[p(Zj,), Im(p(Z;,))])
are R-linearly dependent. Let O € Fy. As before we set
O ={1€ 0: ([p(Z;(i,)), Re(p(Z;,))]) # 0}
and
0, = {le 0: (p(Z;.,), Im(p(Z;,))]) # 0}.
For [ € O, define ¢, (1) and Y; ([), t =1, 2, exactly asin Case (1) (k € K;)
and set
Yirr,o(D) = ¢, ()7 (([2(Zjs)) » Im(p(Zi,))]) Re(p(Zy,))
= U[p(Zj)) » Re(p(Zi)]) Im(p(Z;,)).
Then bipi (D) = b1 () N {Ye ((), Yiqy, (0} . Define X (1) and Xy (1),
t=1, 2, exactly as in Case (1) (k € K;). From the rationality of p we have
that [ — ¢ () Xy () and [ — @ ()Y, (1) extend to rational functions on
Q, independent of O. By definition of j(ix) we have [([Xx (1), Yi )]) #0,
and by construction I([Xy (), Yiie (D] = ([ Xk ()™, Y (]) = 0. Now set

Xicw1,:(1) = Re(I([px( ](lk+|)) 07, Y, (DD pe(Z; Jiker) ) n).
If j(ix)¢I' and Zj,, ) # Zji,), r < k, then set

Xicxr,(()™ =Im(U([pe(Zji,) > V75 Yierr, (DD 2k (Zjii,1)) > 1)-
Then by construction, we have [([X.1,((1), Yi,(D]) = [ Xesr, (D™ Y, (D)) =

(Xesr, ()™ Yeor, (D) = 0. By definition of j(iks1), pi(Zjs), ) and
X () span by (1) modulo by, (I), and hence ([ Xki1, (1), Yesr,(D]) # O
Since Y; () and Xj ,(I) lie in the image of p, we have (([Yk,,(l), X:(D) =
([Xk (D), X:(0]) =0, 1 <r<k—1. Setting F| = {0, O, : 0 € Fy}, F
satisfies the lemma for all k', 1 <k’<k+1. Q.ED.

Foreach k, 1<k <d, leQ,, set

8 (1) = span{d (N X1 (1), ..., S(DXi (D), S:1(DY1(D), ..., S (DYi(D}
as in the above proof. Then g, = & (1)@ ¥ (I)'. Foreach Z € g, let px(Z, 1) be
the projection of Z into &(I)' parallel to & (I). The mapping py: g x Qs — 8¢
is rational, and it is easily seen that for each [ € Q, .
(i) px(-, 1) maps g. into hi(I) and commutes with conjugation,
(ii) foreach j=1,2,...,n and (€ Q,, p(s;, ) Csj,and
(lll) if ke Ky, and if j ¢ {il, Iy, ooy i, Jliy), jlia), ... ,j(ik)}, then
pk(Zj, ) e §;~Sj_1.
The following corollary is immediate.

Corollary 1.4. For each O € F, there are analytic functions X, and Y, (1<
k <d/2) from O into g, such that for each | € O, the set {X(1), ..., Xqp2(1),
(1), ..., Ya2(0)} is a basis of g modulo R(1), and

(XY, Xs(O]) = ([Y.(1), Ys(D]) =0, (1<r,s<d/?),
(XD, Ys(D) =0, r#s, and ([X, (D, V(D)) #0, (1 <k <d/2).

We can now obtain for each j € J, | € Q,, the basis of L (l)/L;. (1) which
varies analytically with [ € O, generalizing Lemma 1.1 of [4].




254 B. N. CURREY

Proposition 1.5. Fix O € F. For each j € J, there are analytic functions
rj:0—g,and zj: 0 — S', such that for each 1 € O,

[rj(0), 0= z;(1)f; mod(Vj), ifjel,
and
[rj(1), 11 =2Re(z;(1)f;) mod(Vjn), ifjglI.
Moreover, if tj=1 or t; =2 then yi(rj()) =0 and if j ¢ 1 and

dim(L; (1)/Lj(1)) = 2,
then the numbers z;(l) and z;.\(l) are R-linearly independent.
Proof. First, note that by Lemma 1.3, we have forany i€/, 1€ O,

s; C R(I) + spanc({Y:(1) : i, < i}) +spanc({X, (1) : j(iy) < i}).

Now let j € J; then for some k (1 <k <d/2) j=i; or j= j(iy). Suppose
that j = i;. By the above and the properties of the indices iy, ..., iz,
J(i1)s ... jlias2) , we have

5,‘;( C R([) +spanC({X|([), ceey Xk——l([)’ Y]([), ee s Yk—l([)})-

Hence by Corollary 1.4, X,([) € L; (I). On the other hand, since Yy () € s ~
st , We have Xi(l) € L; () and [([Y,(I), Xi(D)]) # 0. Set

ri() = Xe(D/I(Z; » Xe(ODI, (D) = ([Z;, , Xk (OD/IW[Z3, 5 Xic(OD)]-
Suppose next that j = j(ix). Then

i,y C R(I) +spanc({Y1(1), ..., Yg,2(D)}) + spanc({ X, (1) : r # k}),

and hence Yi(I) € Lj,y(I). Since Xi(I) € sjiy ~ $ju,y , it follows that
Yie(D) & Lji,)(1) . Now set

ri() = Ye(/IZ;, Yie(ODI, 2;(D) = U(Z;, Ye(OHD/ICIZ; » Ye(DDI-

Itis clear that if jeI', [r;j(1), []= z;([)fjmod(V;~), and if j &I, [r;(I), (] =
2Re(z;(1) f;) mod(¥n) .

Now let j € J such that 7; = 1. We consider thecase j ¢ and j+1€J,
and show that y;(r;(l)) = y;(rj+1(f)) = 0, since otherwise j € I’ and the proof
that y;(rj(f) = 0 is a simplification of the proof in this case. Fix [ € O.
By Proposition 5 of [17], there is a basis {X;, X} of L;(I) modulo L;:(l)
consisting of elements belonging to the kernel C; of y;. Since i, < j(ix)
(1 <k <d/2), the only nontrivial cases are: (1) j =iy, j+ 1 =iy, ,and (2)
j+ 1 =1, j=j(i,). We give the proof for (1); the proof in the other case is
similar.

In (1), we have Lj'([) C bi—1(1), and we have Y,(I), Y»(I) € Sjn ~ §jr, such
that b(l) = be_ (1) N {Y (1), Y2(1)}'. There are real numbers b, and ¢ such
that 4 =r;() + bX; +cX; € Lj»(l). Now

([Z;, 4, Xi]) = U(l[Z;, 41X:]) + (4, [Z;, Xi]]) = —v;(AU[Z;, X1]).
If y;(A) =0, then p;(r;(I) = 0 and we are done. Otherwise [4, X;] € by_;(I) ~
he(I). Since [4, X)] € g, = nilrad(g), we have g, N bhx_ () ¢ hx(l), which
implies j(ix) <p and s, C gp. But by Lemma 1.3, r;(I) € sj(;,)» and thus
7;(ri(1)) = 0. Similarly y;(r;+1()) =0.
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Now choose complex numbers a and b such that
Zik = aYk([) + bYk+1([) mOdUIOE,’L.

Since Z; 41 = Z;,, a and b must be R-linearly independent. Now since
Xi(0) € Lir (1) and Xy, 1(1) € Ly (1) = Ly (1), then
([Zi, , Xk(N]) = al([Ye(D), Xk (D]) and
([Zi+15 X1 (D]) = BU([Yier1 (1) 5 Xier1 (D).

Hence z;(I) = +a/|a| and zj.(I) = £b/|b]|.

Now suppose that 7; = 2. We may assume j = i, (for some k, 1 <k <
d/2). Then dim(Lj (I)/Lj (1)) = 1, and there is X € C; which forms a basis
of Lj(lymod(L;(1)). There is a complex number b such that 4 =r;([)+bX €
Lj»(l). Now an argument similar to the above shows that either y;(4) =0 or
J(ix) < p, and in either case y;(r;(I)) =0. Q.E.D.

Since i, < j(ix) (1 <k <d/2), the following corollary follows immediately
from the definition of r;;,) .

Corollary 1.6. Foreach k=1,2,...,d/2, tj;)=1 or2.

Let us sum up what we have shown thus far with regard to the functions t;
(1<j<n)on Q,.Foreach j (1<j<n),if jgJ,if j=j(i), for some
k (1<k<d/2),orif j=i, forsome k € K; UK3;UK,4UKs5s, then 1 is
constant on Q,. Now let kK € KoUK, let i =i, and j = j(iy).

Lemma 1.7. Let 1€ Q,, and let by Dby D --- D by, be the polarizing sequence
for 1. Then (1) =3 ifand only if s;Nbh_ NCi=s;_1Nh_; NC;.

Proof. Recall that dim(L;()/L;#(I)) = 1. Assume that s;iNh_1 N Ci # §j—1N
b1 NC;,and let Z € s;iNhe_1 N C;i ~ Sj-1. Set Z' = pi_1(Z, 1); then by
Lemma 1.3, Z' € s;NL;: (), and since Z € by_, , it follows from the inductive
definition of p,_, that Z' = Zmod(s;,—;). (Forif r< k-1, r ¢ K4, and
pr(Z,1) = Zmod(s;—;), then if r + 1 ¢ K4, we have Y, () € s;,_; and
([Z, Y,+1(D)]) =0, hence

Prai(Z, 1) = p(Z, 1) = (([Z, Xria (OD/U[Yr11 (1), Xr1(D]) Yria (D)

0 pri(Z,1) = p(Z,1) = Zmod(s;—). If r+ 1 ¢ K4, then similarly
pri2(Z,1) = Zmod(s;—;).) Hence Z’ € C;. Since Z' € s; Nhy_; ~ sj_1,
Z' &b, and hence Z’' ¢ L;»(I). We now have (by definition) that 7;(I) =1 or
2.

For the converse, assume that s; Nh,_; N C; = s;_; Nh_; N C;; we will
show that L;(1)NnC; = Li»(I)NC;. By definition of j, s;_; Nhg_; C by, hence
siNh_1 NG Che N C;. We show first that h, C C;. Let X = pp_1(Z;, 1),
Y =pi_1(Z;, 1), and let Z € b,. We have

[Z,X]es;Nbe NCi Chye,

and hence [([[Z, X], Y]) = 0. On the other hand since Z € b, , we have
([Z,[X, Y]]) =0. Hence

(WX, Y =U[X,[Z,Y]])=0
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by the Jacobi identity. Thus b, C C;. By the hypothesis, h,_; ¢ C;, hence
b1 NC; = by . Since Ly(1) C hy_y and Ly(I) N, C Ly (1), it follows that
L ()N C; = Li»(1) N C;. This completes the proof. Q.E.D.

The following generalizes Proposition 1.3 of [4].
Proposition 1.8. We have t;(1) = 3 if and only if y;(X, (1)) #0.
Proof. Suppose that 7;(Xi(l)) = 0. We claim that C; D s;_; N bh_;. Let
Z €sj_1Nhg_;. Since b DsjNhy_y,
YZ)U[X (D), Yie(D]) = ([ Xk (D), [Z, Yie(DID)
= [([[Xc (D), Z1, Y (D) + U[Z, [ Xk (D), Yie(D]]) = O,
and the claim follows. The hypothesis now implies that
siNh1NCi#sj—1 Ny =51 Nh_ NC,.
By Lemma 1.7, 7,(I) # 3. As for the converse, since
5i—1 C R([) + spanC({Yl([) > YZ([) y ey Yk-—]([) s Xl([) ) Xz([) PR Xk—l([)})
it follows that X, (1) € L;_,(I) ~ L;(). Q.E.D.

We now complete the definition of the layering . Let J € E,and a € 4;.
Consider the set ¢, of all j € J such that 7; is not constant on Q, . For each
e Q,, let

(oa([) = {.] € Qo Tj([) = 3}
Let 9, = {@.(I) : 1 € Q,} and for each ¢ € 9,, let

Qoo ={l€Qs:0,(1) = p}.

Let ¢ € §,,and let j € ¢. Then j = iy, for some k (1 < k < d/2).
By Lemma 1.3, we have a rational function &; : Q, — g. such that for each
OeF, &) =de(DXk(1), 1€ O. Set

g;() = 7;(&;(D)/UZ; , ¢; (D).

By Proposition 1.8 we have 7;(I) = 3 if and only if g;({) # 0. Thus Q, , is
an algebraic subset of Q,. Note thatif O € F, [€ O, and rj(l), z;(l) are as
in Proposition 1.5, then

q;(1) = z;(D " y;(r;(0).
Let
P={Qy.o:9€,acd;,Jej};

each Q € p is a G-invariant algebraic subset of g*. For each Q € g, the
functions 7; are constant on . The layering p also has the following desirable
property.

Proposition 1.9. There is an ordering Q, < Q; < --- < Q, of ¢ such that for
each Q, U{Q : Q' < Q} is a Zariski-open subset of g* .

Proof. The proof here is a repetition of the proof of Proposition 1.4 of [4].
Q.E.D.
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2. THE COLLECTIVE ORBIT STRUCTURE

Let G be a connected, simply connected exponential Lie group with Lie
algebra g, let {Z,, Z,, ..., Z,} be a Jordan-Holder basis for g. which cor-
responds to a good basis of g, and let g. =5, Ds,_1 D --- D sg =0 be the
corresponding Jordan-Holder sequence for g.. Let p be the partition of g*
constructed in §1. In this section we compute, for each layer Q € p, a cross-
section £ C Q by proving a result (Proposition 2.5) analogous to Proposition
1.1, Chapter 2 of [18]. Thus X is the image of a G-invariant analytic function
P:Q — Q. We then show that X is in fact algebraic, and that when Q is the
minimal (Zariski open) layer in p, that X is a submanifold of g*.

Fix Qe p, Q=Q,,,with J €j such that a € 4;. For each j, the
function t; is constant on Q. Define 1={jeJ:1;=2} and 9 ={je J:
7; = 3}. Note that ¢’ C ¢. Let j € ¢ . Define the complex-valued nonsingular
rational function g; as in §1; as before we have the formula

q;(0) = z; (™" y(ri(D).
The point of this first lemma is that for j € ¢, [€ Q, the value [; of [ at Z;
is determined solely by z;_;([) and the value of g;(l).

Lemma 2.1. Let 1€ Q, and let j € 9. Then for any A € g. such that [A, ] =
fimod(V;), y;(4) = q;(I). Moreover, for any U € Gl such that n;_(I) =
mj_1(V'), we have
[3 - qj((')_' =1 - qj(l)".
Proof. Let O € F such that [ € O and let r;(I) and z;(I) as in Proposition 1.5.
Suppose that for some 4 € g. we have [4, [] = fymod(V;) and y;(4) # g;(1).
Set
B = (y;(rj())4 — y;(A)r;(0)/(z;()y;(4) = 7;(r;(1))).

Then y;(B) =0, and [B, [] = fjmod(V;), thus B € L;()NnCj ~ L;(I) which
means that 7;/(I) # 3, a contradiction. This proves the first statement of the
lemma.

Let I € GI such that 7;_((I) = m;_(I'), and let ¢ = [, — [; so that I' =
[+ tfjmod(V;). Now

zj()f; = [rj(0), VY= [ri(V), Q4 2-[ri(V), f51=[ri(V), 0+2-9(ri(1)) f; mod(V))

and hence [B, [] = f;mod(V;) where B = r;(l')/(z;(I') — ty;j(rj(!'))). Thus by
the first statement of this lemma we have

;i () = »;(r;("))/(z; (V) = t;(r;()))
and so —q;(I)~! =¢—g;(')~", which gives the result. Q.E.D.

For each j, 1 < j < n, let u; denote the character of G defined by
uj(s) = exp(y;(log(s))), s€G.

Corollary 2.2. Let j € ¢. Then q; is G-semi-invariant on Q with multiplier
uit.

Proof. Let s € G, and let A = p;(s)"'z;()~' Ad(s)r;(f). Then [4,s]] =
fimod(V;), and hence

q;(st) = 7;(A) = uj(5) "' 2;() ™'y, (Ad(s)r; (1) = (s)"'q;()). QE.D.




258 B. N. CURREY

Let [€ Q andlet j € ¢. Let U be the irreducible submodule of W canon-
ically isomorphic to Vj//Vj». The following lemma clarifies the G-quotient
space structure of 7;»(I)+ U and in particular identifies the unique “singular”
point in 7;»()+ U . Now if Q is the minimal layer, then the generic points in
nj»([)+ U must be contained in 7;+(Q). We do not know if this is the case for
the singular layers. However, the following shows that this is always the case if
dim(U) =2.

Lemma 2.3. Fix 1 € Q, let j € J such that t; =3, and let U be defined as
above. Then

{[, € 7tju([) +U: Tj([) = 3} = ﬂj"([) + U ~ {lp},
where 1y € (mjn (1) + U) is defined by 1o(Z;) =1, —q;()™'. If j &I, then

(mjn () + U) N wjn(Q) = (7 (1) + U) ~ {lo}.

Proof. Since 7, =3, j =i, €i(l), forsome k (1 <k <d/2). For r <k,
the condition that i,(I') =i, or that j(i,)(I') = j(i,) is a polynomial condition
that depends only on =, (). Hence if I' € n;«(I) + U, then i(I') = i, and
ji)(Y) = j(i,), 1 <r < k—1. Note also that in this case h,(I') = b,(I); we
denote h,(I) = h,, | <r < k —1. We claim that for any ' € n;»(I) + U,
if j € Jv,then j =i () and j(ix) = j(ix)(V'). Let ' € mu(l) + U such
that j € Jy. From the properties of the sequences i(l), j(I), we must have
J = ix(U'). Now let j* be the smallest j such that for some l' € 7;+() + U,
siNbx_1 & he(I'). Wecan fix Z € sj» Nhg_y ~s;«_; and W € hy_; N's; such
that for I € m;n()+ U, j(ix)(I') = j* ifand only if V'([Z, W]) # 0. Now there
is a constant ¢ such that forall ' e n;n () + U, V([Z, W]) =y;(Z)V(Z}) +c.
Hence the set D = (m;»(I)+ U)N{l': j(ix)(I') = j*} consists of all but a single
point of m;»()+ U . But the set GIN(m;.([)4 U) consists of more than a single
point, and therefore [ € D, j* = j(iy), and

D={l enp()+ U ji)() = j(ix)}-

It follows from Lemma 1.7 that for every I' € D, t;(I') = 3. To see that
lp € D, note that for '€ D, q;(I') #0, and

'(Z)) = W(Z)) +q;(")"
Hence D={lemu()+ U :l #lp}.

Suppose that j ¢ I. Set S = (n;»()) + U)Nm;n(Q); S C D. Suppose
that S # D. Choose I' € D ~ §, and set T(l') = (m;«(') + U)N Gl'. Then
T('YcD~S.If 4 is aone dimensional affine subset of n;/(l) + U, then for
each ' € D, A meets T(I') in a countably infinite discrete set of points. Hence
ANS has infinitely many components. But 4 NS is a semialgebraic subset of
A ; in fact, it is the image of the algebraic set nj‘,,' (A4) N Q under the projection

mj» . Hence ANS can have only finitely many components. Therefore D =S
and the lemma is proved. Q.E.D.

We now focus attention on the case j € 1. Let F be the cover of Q defined
in Lemma 1.3, and let O and O’ be two elements of F. Let z;: O — S!,
z; 1 O > S! as in Proposition 1.5. If [ € ON O, then z;(I) = +z(1).
Let PS' = S'/{1, -1} and let p:S' — PS! be the quotient mapping. Then
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{j = poz; is a well-defined mapping from Q into PS'. Foreach j (1< j<n)
set vj(s) = u,(s)/l;t,(s |, s € G. We shall need the fact that if 7; =2, then {;
is G-semi-invariant with multiplier v; .

Lemma 2.4. Let j € J such that dim(L;(I)/Lj«(I)) = 1. Let | € Q and let
s€G. Then {;(st) =v;(s)¢;(1).
Proof. Let se€e G, e Q. Fix O, O € F such that [€ O, sle€ O, and let
z;(l), z;(sl) as in Proposition 1.5. Then Ad(s)r;(I) € Lj(st) ~ Lj«(sl). Since
dimg(L;/(st) N g/Ljn(sl) N g) = 1, there is a (unique) real number ¢ = (s, I)
such that r;(sl) — #(s, [) Ad(s)r;(1) € L;j»(I). Let Z = r;(sl) — ¢(s, 1) Ad(s)r;(1) .
Now

(zj(st) — 1(s, D(8)z;(0) 5 =[Z , 1] = 0 mod(Vj).
Hence for each s € G, [ € Q, we have (s, )u;(s) = zj(sl)/z;(I). Therefore
t(s, Ou;(s) = xv;(s), which obtains the result. Q.E.D.

Lemma 2.5. Let j€1. Then forany 1€ Q, Lj(l)cC C;.

Proof. Let A € Lj(l). First suppose that j = i} (some k, 1 < k <d/2).
Thereis Y € s;» NR(L, h_; (1)) ~ ;.. Since Lj(I) C he_;(I) we have [4, r;(1)]
€ bx—1(I) and [A4, Y] € be_,(I) . By Proposition 1.5, r;(I) € C;, and hence

O =14, [r;(), YT) = Wlr;(1), [4, Y]]).

Butif y;(4) # 0, then y;(4) € R, and hence Y and [4, Y] span s;» Nh;_,(I)
modulo s; N bh,_;(I). This contradicts the definition of r;([).

Suppose that j = j(ix). Here we have X € s;» Nhi(I) ~sj, and [4, rj(l)] €
siv . Also [4, X] € sj» N hr_([). Now a similar application of the Jacobi
relation shows that 4 € C;. Q.E.D.

Denote by J’ the set of all j € J such that j ¢ I"; write J' = {j, <
j2 <--- < jn}. Define a subset R(Q) of C* as follows. Fix j = j, € J'; first
supposethat j e I'. If j & ¢, set R(Q),, = R, whileif j € ¢ set R(Q),, = R*.
Now suppose that j ¢ 1. 1If j& ¢ set R(Q),, =C,if j€¢p set R(Q), =C*.
Set

R(Q) = R(Q); x R(Q)2 x -+ x R(Q).

For j = ju € ¢, consider the action of G on R(Q),, defined by s-r = u;(s)r;
clearly R(Q),/G = S° or S!' according as j € I’ or j ¢ I', respectively.
Define an equivalence relation ~ on R(Q) by r = r' if and only if for each
m such that j, € 9o, Gr, = Gr),. Let

T(Q) = R(Q)/ ~.

Note that T(Q) is homeomorphic to a product [].S?, where i =0 or 1.
Let T € T(Q2). Suppose that for each j = j € 1, we have a smooth function
X =2xj(z1, 22, ..., zj—1) into PS'. Foreach (z, z2,..., zj_1), let

Rj(Z], Z) s eeny Zj_|)CC

be the R-subspace of C “through” x;(zi, z3, ..., z;—1). Let

T,={(z1,2z2,...,z4) €T: foreach je€1, z; € Rj(zy, z3, ..., zj_1)}.
Then T, is a submanifold of T.
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Proposition 2.6. There is a G-invariant partition of g* into algebraic sets Q
such that for each such set Q, there are n analytic functions {P;} in h+n
complex variables z,, z3, ..., zy, L}, b, ..., l, andindices J = {ji,}, 1C J,
9 CJ with 1 < j) < ja<---< jg <n, having the following properties.

(1) For each 1€ Q, let T(1) be the unique element of T(Q) such that for each
J=Jim€@, Ty ={qj(V)"' : V' € GI}. For each j € 1, there is a function
xi(z1, z2, ..., zj—1, ) into PS' such that the mapping (zy, z, ..., z}) —
> ; Pi(zy, z2, ..., zy, ) fj is a diffeomorphism of T (1), with the coadjoint orbit
of L. If U € Gl and T(V'), is as above, then T(U'), = T(l),.

(2) Let jm € J'. Then Pi(z,1) = zm(z1, 22, ... » Zm—1). If T; =1, then
Pj(Z s [) =Zpy.

(3) For each j, Pj(z, 1) depends only on those z,, for which j, < j.

(4) Let 1€ Q and let z € T(l),. Then for each j, Pj(z, 1) = Pj(z, sl).
Proof. Let p be the layering of g* define above; each Q € p is an algebraic
subset of g* (defined by explicit polynomials).

Nowlet Je€j, J#@,and write J = {j; < j2<--- < js}. Let a € 4,
and ¢ €9, and fix Q=Q, ,. Define 1 C J as above. Let F be the covering
of Q, asin Lemma 1.3. Fix [ € Q and let O € F such that [ € O. Set
8k(x, ) =exp(xr;(I)), xR, 1<k <d, and set

gt, N =g, N8, ) gts, 1), t€R

For each j € J, let b;(I) = y;(r;(1)), L € O; for each j, b; is an analytic
function on O. The proof of Proposition 5 in [17] shows that for each [ € O,
Gl={g(t,)l:t € R¥}, and g(t, 1)l = ¥ Q;(¢t, I)f; where the Q; satisfy the
following:

(1) Qi(t, =0 (41, t2, ..., ty) where k is such that ji < j < jiyi,

(2)if j=jx€J and dim(Lj(1)/Lj(I)) =1, then

Qj(t, [) = th(bj([)tk)exp(Lj(t, [))Zj([) + Sj(t, [)

where F denotes the analytic function defined by F(z) = (e? — 1)/z, and
(3) if j = jx € J' and dim(Lj (I)/L;+(l)) = 2, then

Q(t, 1) = (zj(Ntx + zj41(Ntxyr) exp(L;(t, 1) + S5z, 1).

In each case (2) and (3), Lj (¢, () isalinear formin ¢, #, ..., tx—1 (L (¢, 1)
= 0); in fact we have

exp(L;(t, ) = pj(gi(tr, N&(t2, D) gr-1(tk—1, 1))-

Thus by construction of r; () (1 <r < k—1), Lj(t,[) depends only on
mj_1(I). For each [, the function S (¢,() depends only on ¢, 1, ..., t_;,
and for each j, S;(¢, [) is of the form

Si(t, ) =exp(L;(t, D) +Y;(¢, 1),

where

Yi(t, 1) = m(0(Ad(gi (11, D&(t2, D+ Gem1(temr» D)7'Z;)  (Y,(¢, 1) =0).

Note that if j € I’, then Q; is real, and recall that (by Proposition 1.5) if
7;=1 or 2, then p;(r;(1)) =0. Write J' = {j; < j» <--- < ju} as before. Let
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J=Jm € J'; we define z,, as follows. If 7; =1,set z, =Q;(¢t,1). If 7, =2,
then

Qi(t, ) = (tez;(N) + ) exp(L;(t, 1)) + Y;(¢, 1) (somek, 1<k <d).
We set

cj(t, ) =vi(gi(tr, N&(t2, 1) Gk—1(te—1, 1)) z;()
=exp(L;(¢, 1)z;(1)/|exp(L;(t, 1))l
and
zm = ¢;(t, ) Re[c;(2, D71Q;(t, 1))
Note that

¢j(t, DT'Q;(t, 1) = texp(L;(t, D)l +¢(t, D'l exp(L;(t, 1) + Y;(¢, D).

Thus ¢;(¢, )iIm(cj(z, [)~'Q;(¢, 1)) depends only on ¢, 1, ..., t&_;. Note
also that by Lemma 2.3, p(c;(¢, 1)) = {j(&i(t1, N&(t2, O gr—1(t—1, D).
Finally if 7; =3, set

zm = exp(b;(t) exp(L;(t, 1)) z,(1)/b;(1).

Note that in this latter case, z, = g;(g(¢, [)[)~!. In any case, the properties of
the functions Q; above (and that fact that G is exponential) allow us to solve
for each #; in terms of [, z,, and the variables ¢,, t;, ..., #x_; . Thus we can
solve for ¢, in terms of [ and the complex variables z,, z,, ..., z,, where
Jm < Jk < Jms1 - We write ¢, = ®(z, ) and substitute into Q; to obtain P,
0, to obtain P,, and so on. Thus

Pj(Z, [)=Qj((l),(zl, [),(Dz(Zl, zZ, [), ...,<I>k(z|, Z)y ooy Zms [), [)

where k (1 <k <d) issuchthat jy <j<jry+1and m (1<m<h)is
such that j, < jix < jm + 1. Note that for each z, ¢;(z, [) depends only on
mi(l). For jeu, set

Xj(219 2250005 Zm—1, [)
=p(cj(Pi1(z1, 1), Pa(z1, 22, 1), o, Pr—1(215 225 o005 Zm=1, 1), 1)).

For each fixed (zy, z2, ..., Zm-1), Zm runs through R;(zy, z2, ..., Zm—1, )
the R-subspace corresponding to x;(z1, z2, ..., Zm—1, ).

In this way, we obtain analytic functions P, P;, ..., P, satisfying con-
ditions (2) and (3) above. Moreover, for each [ € O, the mapping | —
Y Pj(z, 1)f; is a diffeomorphism of T'(I), with the orbit of [, and by Lemma
2.4, the set T(I), is independent of choice of O € F. We need to show that
the set T'(I), depends only on the orbit of [, that for each z € T(l), fixed,
Pj(z, ) is G-invariant (1 < j < n), and that this construction is independent
of the open set O € F chosen above.

Fix seG,let e Q andlet O, O € F suchthat [€ O and sl € O . Let
=Y Pi(z,1)f; and " = 3 Pj(z, sI)f; is obtained above. Let T', T" € R
such that I' = g(¢', I)[, I" = g'(¢", sl)sl. Set

g =2&i(t, Ngty, ) g-1(tr_;, D),

8 = &(t;, 1) and define gy and g similarly, so that I' = gyg;l and " =
8o &St
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We prove that T(I), depends only on the orbit of [ by showing that for
each j, € J' the set {(zy, z2, ..., zm) : (21, 22, ..., zp) € T(l),} depends
only on the orbit of I. As usual this is done by induction. Let j, € J'.
Suppose that the set {(z;, z2, ..., Zm-1) : (21, 22, ..., zp) € T(I),} depends
only on the orbit of . We may assume that j € 1. Let z belong to this
set; we show that x;(z, ) = x;(z, sl). We have x;(z,[) =v;(gy){;(l) and by
Lemma 2.4, x;(z, sl) = vj(g))¢;(sl) = v;(gys){;(l). By induction z;_(I') =
mji—1(I"), hence gym;_ () = gysm;—1(I). By Lemma 2.5, log(g(’)‘lg{)’s) € Cj,
and hence vj(g)) = vj(gy's). Hence we have x;(z,[) = x;(z, sl) and the set
{(z1,22,...,2m) : (21, 22, ..., zy) € T(I),} depends only on the orbit of I.

Now fix z = (21, z2, ..., z4) € T(l), . We show that for each j, mn(l') =
mj»(I"), by induction on j. We may assume that j ¢ I". Suppose that j =1;
we consider the two cases (1) 1 ¢ J, (2) 1 € J. For simplicity of notation, set
nT="mj.

Case (1). In this case Pi(z, ) = P(z, sl) = by construction, hence n(l') =
n(l")=1;.
Case (2). Here 7, # 0. If 7, = 1, then P(z,[) = P|(z,sl) = z;, thus

n(') = n(l”). Note that 7, # 2, since C; = the centralizer of Z,. Suppose
that 7, = 3. By the form of the function Q,(¢, [), we have that for each f € GI,

Pz, f)=zi+fi—q(H~".
We now apply Lemma 2.1 to obtain that Pi(z,[) = P(z, sl), hence n(I') =
n(I").
Now suppose that j > 1 and that n;_(I') = m;_(I"). Let U be the ir-
reducible submodule of W, canonically isomorphic with Vj./V;:. We again
consider the two cases: (1) j&J,(2) jeJ.

Case (1). Since j ¢ J, either 7; =0, or 7; = 3. In the first case, since n(l')
and n(I"”) lie in the same G-orbitin W;, and n;_;(I') = m;_ ("), we have

() =GIn(n;—(I)+ U) =GN (n;— (") + U) = n(1").
On the other hand, If 7; = 3, then letting Iy € n(I')+ U be defined as in Lemma
2.3, we have (by Lemma 2.3),
7[([/) =l = ﬂj([“).

Case (2). First suppose that 7, = 1. We have j = j, € J'; hence Pj(z, )
Pi(z, sl) = z,, so that n(I') = m;_;(I') + 2Re(zpm fj) = mj— 1 (I") + 2Re(zm f})
r(I").

Suppose next that 7; = 2. Recall that for some k (1 <k <d),

Xj(z> [) =p(cj(¢)](21 5 [), q)Z(Zl s 22, I)’ ey q)k—l(zl 3 22500y Zm—1, [)’ ())'

Since ¢;(¢, Dilm(c;(¢, )~'Q;(¢', 1)) depends only on ¢, #, ..., ti_y, We
have

Pj(Z,[)=Zm+Sj(Z, [),

where S;(z, ) depends only on z;, z3, ..., Zy—; . Similarly,

Pi(z, sl) =z, + Sj(z, sl).
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As above, we have c;(t', 1) = vj(gy)z;(l) = v;(gys)z;(l) = £cj(t", sl), and by
Lemma 2.4. vj(gy)z;(I) = £z;(gyl). Set ¢ = z;(gyl) . Now
Si(z, 1) = ¢;(t', ilm(e, (7', 1)~ [y exp(L;(¢', 0) + Y;(¢', 0])
= xciIm(xc™'[gyl(Z))]) = cigyl(Im(c™' Z))).

Similarly,

Si(z, s1) = cigys(Im(c™'Z))).
Since 7;_;(gyl) = m;—1(gysl), then for some x € R,

m(explxr;(goh)]1gol) = m(gg'st).
But ¢ = z;(g{l) = [ad"(r;(g!))&4!1(Z;) , hence

[ad" (r;(8o1)) g0 (Im(c ™" Z;))
= Im{[ad"(r;(g;")) 8011(Z;)/[ad" (r;(o1) &1(Z;)} = 0.

Since r;(gyl) € L (1)’ and y;(rj(gl)) =0, then foreach n=1,2, ...,

[(ad")"r;(go) goll(Im(c ™' Z;)) = 0.
Hence,

gysi(Im(c™'Z;)) = [exp(xr;(g41) g4(Im(c™'Z;)) = ghl(Im(c™'Z;)).
Thus Rj(z, sl) = Rj(z, 1) and Pj(z, sl) = Pj(z, ).
Finally, suppose that 7; = 3. Then j = j, € J'. Recall that u;(g}) =
exp(L;(t', 1)) and u;(gy) = exp(L;(t", sl)). A straightforward calculation us-
ing these facts, and the definition of z,, , shows that

g;(")" =z = q; (")
But by Lemma 3, [} — g;(")~' = I — g;(")~"! since I' and I” lie in the same
orbit. Thus I; =17, and n(I') = n(1").
Note that in the preceding argument we did not assume that [ and sl be-

longed to the same open set in F . Thus the functions P; are independent of
the particular open set O € F chosen, and the proof is complete. Q.E.D.

As above we write J' = {j; < jo < --- < j,} and recall that ¢ = {j € J :
t; =3} cJ'. Foreach T € T(Q), set Qr = {I € Q: for each j, € ¢,
g4;,(N™' € T} . A cross-section X7 of Qr is given by fixing z € T as follows.
Foreach je J', j=jn,if j&¢ set z,, =0, and if j € ¢, let z,, be the
(unique) point at which the mth factor of T meets the unit circle. Now by
Proposition 2.5 the set X7 of all linear functionals of the form } ;Pi(z, ) fis
I € Q7 , meets each coadjoint orbit in Q7 exactly once. Thus the set

Z_U}:T

TeT(Q)

is a cross-section for the orbits in Q.

For each j = j,, € ¢, let z,(I) be the point where qj"(Gl) meets SV .
If ju & @, set zyu(I) = 0. The mapping z(I) = (z,(I), z2(1), ..., zx(1)) is
an analytic function from Q into 7(Q) and X is the range of the analytic
G-invariant function P on Q defined by P(I) =3, Pj(z j}

Let V = spanc{f;: t; # 1}. It is not at all obv1ous that Y is an algebraic
subset of g*. The following shows that this is the case.
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Proposition 2.7. For each j € 1, there is a complex-valued rational function p;,
nonsingular on Q, such that

T={leVnQ:pj()=0, forallje1, and|q;()* =1, forall j € p}.
Proof. Fix j (1 <j < n) suchthat j ¢ I"”; the method of proof is to describe
mj»(Z) in terms of m;(Z). From the properties of the functions P; and the
definition of X, we have that if 7; = 0, then 7;(Z) = {l € n;(Q) : m;:(l) €
njy(X)}, while if 7; =1, then n;(X) = n;(Z).

Suppose that 7; = 2. There is k (1 < k < d/2) such that either j = i
(whence k € K;), or j = j(ix), where j” = j+1 ¢ J. Let 1 € Q, such
that n;(I) € n;(X). For simplicity of notation set p = px_;(-, [) and let
Y =Re(p(Z,)), Y2 =Im(p(Z;,)). We show the following.

(i) If j =iy, then m;:(l) € m;»(Z) if and only if

[p(Zjiy) > Y1) Re(l;) + U[p(Zji,)) > Y1) Im(L))
(i1) If j = j(ix), then m;»(l) € m;»(Z) if and only if
Re(([p(Zj(;,))» 1)) = Re(([p(Z)(i,)) » Y2D1;) = 0.

Suppose that j = i, . Either ([p(Z;,)), "1]) # 0 or [p(Zj4,)), Y2]) #
0; assume that the former is true. By (the proof of) Lemma 1.3, we have
that the complex numbers ([p(Z;(;,), Y1]) and ([p(Zj(;,), Y2]) are R-linearly
dependent, and we have Y (I) € gj» ~ gj» such that Y, (l) = y,Y; + .Y, where

0.

n =1p(Zju)), 1),  r2=Ulp(Zu)) TiDUP(Z)i,))» Y21)/ 11

Let Y, (1)~ = y2Y1 — 71 Y25 then [([p(Z),)), Ye(1)~]) = 0, and an easy compu-
tation shows

P(Zi) = (1 — ir) Yie(1) + (72 + iv)) Y (D) /|71 + 172
Now from the definition of £ we have 7;/(I) € m;»(Z) iff Re(c;()~'1;) =0
where

¢i() =UlZ;, ri(D]) = (Zi, , Xe(OD/IUZ;, , Xe(D])]

=Ulp(Zy), Xe(OD/IW[Pp(Zs,) , Xk (D).

Here X, (I) = Re(l([p(Z i) > Ye(ODP(Z;(i,))) - Since [([Xi(V), Yi(N™]) = O,
we conclude that 7;(I) € m;»(Z) if and only if Re((y; — iy2)l;) =0. But

Re((y1 — ir2)y) = U[p(Z4,)) » Re(p(Zi)D/IUP(Z jiiy)) » Re(p(Zi))DI
x (([p(Z;i,)) » Re(p(Zi))D) Re(y) + U[p(Z(iy) » Im(p(Z;,))]) Im(1)).

This proves (i) in the case I([p(Zj(;,)), Y1]) # 0. Otherwise I([p(Z(;,)), Y2]) #
0, and a symmetric argument obtains the result.

Suppose that j = j(ix). As above we have either [([p(Zj;,)), Y1]) # 0 or
([p(Zj(,))» Y21) # 0, and we begin by assuming the former. Again we have
njn (1) € m;»(Z) if and only if Re(c;(1)~!1;) = 0, where in this case

¢j() =UIZ;, ry(D]) = U[Zj(i,)» YeOD/IUZ)iry > Yie(ODI
and Y, (l) is defined as above. Thus n;~(I) € n;»(Z) if and only if

Re(([Z i, Ye(OD)Y;) = 0.
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But

(Z iy » YO = 11 Z 5> Vi) + 72U Z s> o))
= [[Z » DIZ iy » Y1])
+UZ 0, NDUIZs) YaDUIZ i » Yo/ I Z sy YiD)
= ((Z > WP+ IZ iy » HDDZ sy » YD/ Zj3) » YD)

We conclude that 7. (I) € n;»(Z) if and only if Re(l([fj(,-k) , 1]);) = 0. Since
Wlp(Zji,)) > Y1) and ([p(Zj(;,)), Y2]) are R-linearly dependent, we obtain (ii).
If we assume that ([p(Zj(;,)), Y2]) # O, then a symmetric argument gives the
same result.

Finally, suppose that t; = 3. Then n;/(X) = {l € n;u(Q) : mj: () € m;/(X),
|g;(1)|* = 1} . This finishes the proof. Q.E.D.

Remark. If G is nilpotent, then for each j (1 < j<n) 7, =0 or I, and
the index sets 1 and ¢ are empty. Thus the usual cross-section X =QnNV is
obtained.

Finally, we describe the structure of the layer Q. Let

wEQ) =S Rej+d Rie

€I~y j€o

Let F be the cover of Q, D Q by Zariski open sets obtained in Lemma 1.3,
and let O € F. Recall the continuous mapping P : Q — X. Define a map
6 : P~ 1(Zn0) — W(Q)xZNO as follows. Let [€ P~1(£Nn0), and let A = P(I).
Set O(I) = (v, 1) where v =3 ,, ,X;j€; + 3, rej € W(Q) is defined as
follows. Let j = j, € J'. Suppose t; = 1. If dim(L;(I)/Lj»(I)) =1, x; =1},
and if dim(Lj (1)/L;(l)) = 2, set x; + ixj;; = [;. Suppose that 7; = 2. Let
zj:0—S§ ! be the analytic function obtained in Proposition 1.5, and let s € G
such that sA =[. Then here we set x; = Re(v;(s)~!z;(4)71;). It follows from
Lemma 2.5 that x; is well defined. If 7; =3, let r; = |g;(1)|~". It is evident
from Proposition 2.6 that © is an analytic homeomorphism.
The above results are summarized in the following.

Theorem 2.8. Let G be a connected, simply connected exponential solvable Lie
group with Lie algebra g, and let {X,, X», ..., X,} be a good basis of g, with
{2, 2,, ..., Z,} the corresponding Jordan-Hélder basis of g.. Let ej = X i
(1 £ j < n) be the dual basis in g*, and let f; = Z: 1<j<n be the
dual basis in g} . Let the subsets I, I', and I" of {1,2,...,n} be defined
as above. Then there is a finite partition  of g*, computable in terms of the
above Jordan-Hélder basis, with the following properties:

(a) each Q € p is G-invariant,

(b) for a given Q € g, the dimension of the coadjoint orbits in Q is constant,
and t; isconstanton Q, 1 < j<n,

(c) there is an ordering Q < Q, < --- < Q, of p such that for each Q,
U{ : Q' < Q} is Zariski open in g*.
Given Qe p,let 1={jeJ:1,=2} and ¢ ={j € J :1;=23}. For each
J €1 there is a complex-valued rational function p; and for each j € ¢, there
is a complex-valued rational function q; such that
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(d) pj is nonsingular on Q, and q; is nonsingular and nonvanishing on Q
and semi-invariant with multiplier ,uj" ,
(e) If V =span({f;:1; # 1}) then the set

T={leVnQ:p;()=0,j€u1,lg;O* =1, € ¢}

is a cross-section for the coadjoint orbits in Q, and X is the range of an analytic
G-invariant function P :Q — Q.

Let F be the cover of Q by Zariski open sets as defined in Lemma 1.3, and
let W(Q) be defined as above. Then

(f) for each O € F, there is an analytic map © : P~1(ONZ) - W(Q)x ONX
such that for each . € ONZ, ©~'(-, 1) is an analytic diffeomorphisms of W (Q)
with the coadjoint orbit of A. Given | € P~1(0), then O(l) = (v, A) where i
is the unique point in LN Gl, and v =3, ;. , Xj€j + 3 c,Tje; is defined as
follows. For each j € J such that 1, =1,if j &I, then xj+ ixj;, =1;, while
ifjel', x;=1;. If 1, =2, then x; = Re[v;(s)~1z;(A)~'1;] (where s =1),
and if Tj = 3, ri= |qj([)|“ .

Combining Theorem 2.7 with Corollary 2.8 of [3], we have the following
result.

Theorem 2.9. Let G be a connected, simply connected exponential solvable Lie
group with Lie algebra g. Then there is a dense open subset U of G~ such that
U has the structure of a differentiable manifold.

Proof. Fix a good basis for g, and the corresponding Jordan-Holder basis of
gc . Let p be the partition of Theorem 2.7, and let Q be the minimal element
of p. We show that the cross-section X for Q is a submanifold of g*.

Recall that X is the range of the analytic G-invariant function P on Q
defined by P(I) = Z;P;(z(1), I)f; . We need to show that the rank of P at each
[ is constant (= n—dim(G1)). This is verified as follows. Assume that for some
Jj&1", mj o P has constant rank and let [ € Q. We show that if j ¢ J, then
rank(z;» o P) = rank(m;y o P) + j” — j', while if j € J, then

(1) if 7; =1, then rank(n;» o P) = rank(m; o P),

(2) if 7; =2, then rank(n;» o P) =rank(m; o P)+ 1, and

(3) if 7, =3, then rank(m;» o P) =rank(m: o P)+ j" — j' — 1.

Suppose that j ¢ J. Then by construction, there is an analytic function
Yi()=Y;(li, Iz, ..., Ij_y) such that P;(z(I), [) = u;(g(z(I)))l; + Y;(I), where

g(Z([)) = g((pl(zl([) > [) ) q)z(zl([) ’ 22([) > [) y ey
q)k(zl([)’ 22([)’ LR ] Zm([)a [)7 [)7
(g(t, 1) is as defined in Proposition 2.6). Hence rank(z o P) = rank(zm; o P) +
j/l _ j/ .

Suppose that j € J. If t; =1, then P;j(z(l), ) = 0, from which (1) follows.
If 7; = 2, then recall that by the proof of Proposition 2.6, for each [ € Q, there
is t € Rk=1 (j = ji) such that we have the formula

Pi(z(1), 1) = S;(2(1), 1) = ¢;(¢, Dilm(c;(¢, ™[I exp(L;(t, 1)) + Y;(z, D]).
Let x;(z, ) be the PS! valued function of Proposition 2.6. Set

x;(1) = x(z(1), D).
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Then x; is a smooth G-invariant function into PS!. Now set
A = ALy, b,y ..o Giog) = (2 (P(D) + U) N wjin Q)

where U is the (two dimensional) submodule of Wj. canonically isomorphic to
Vji/Vjn . Note that A(l) = A(sl), s € G. Foreach [ € Q, and for any I' € A(l),
ri(ty € Lyy(') ~ L;j«('). It follows immediately that {;(I) = {;(I'). Hence by
Lemma 2.5, x;(I) = x;(I'). Thus the function x; depends only on the variables
l1,k,...,lj_;. Identify U with the complex numbers in the usual way (so
that xe;+ye;, isidentified with x+iy). Let R() = R(l;, [, ..., [;_;) be the
R-subspace of C “through” x;(I). By Proposition 2.6, for each I' € A(l), P;(l')
is on the line iR(I) and GV N A(l) = m;»(P(l)) + R(I). Define a: Q — C by
a(l) = the projection of [; onto iR(I) parallel to R(l). Since Q is dense and
open in g*, a(A(l)) is a dense subset of iR(I) and we have

(mj o P)(D) = (mj 0 PY(I) + (1),

from which assertion (2) follows. If 7; = 3, then there is an analytic function
Yj([] I R [j—l) such that

Pj(Z([), ) =z,() + Yj([] b, o, [j_]).

If jelI,then Q=Q,UQ, where Q, = {Il € Q:¢gj(l) >0}, and Q_ =
{t e Q: gj(l) < 0}. The function z,(l) is constant on each piece, hence
rank(m;» o P) = rank(nj o P). If j ¢ I, then by Lemma 2.3, z, maps Q
smoothly onto S!. Thus rank(n;» o P) = rank(n; o P) + 1.

By Corollary 2.8 of [3], there is a dense open subset }V, of g*/G such that
Uy = K(Vp) is dense and open, and such that K|y, is bicontinuous. Set U =
K=1(Vyn(Q/G)). Since Q/G is dense and open in g*/G , it follows that U is
a dense, open subset of G~ homeomorphic to an open subset of X. Q.E.D.

3. EXAMPLES

The following two examples illustrate the cross-sections and bundle structure
of the layers. Recall that {Z;} is the Jordan-Holder basis for g., {fj} is the
dual basis in g} and [; =(Z;), e g*. If j€I"” (hence f; is not “real”) set
ej_1 = 2Re(f;), e; = 2Im(f;). We write the “layers” Q, , as Q; <) < ---
For each Q,,, we exhibit the cover F = {O;} of Q, and the functions ¢, ,(I),
X ..(1), and Y ,([). We then exhibit W (Q), X, and the maps ©;.

Example 1. Let g = span{4, X, Y, Z} with nonvanishing brackets [4, X] =
X-Y,[A,Y]=X+Y,[A,Z2]1=2Z, [X, Y]=Z. The Jordan-Hélder basis
forg.is Z, =2, 7, = Y+iX, Zy=Y —iX, Zs=A.

Q ={l: # 0} =1, =2, jl;) =4, jl)=3,F={Q} and
=2z, Xx\()=4,

Yz( ) =Y — ((Re(ly) + Im(12))/2,)Z , Xp(1) = X — ((Re(lr) — Im(12))/20,)Z

Q) ={l:4>0}, £={fi,=-N}, () = (uli +Lh+ L+,

sgn(h)fl)

Q={:4=0, L #0}:i =2,j#)=4. Again F = {Q,}, and
Yi() = (Re(l2) + Im(12))Y + (Re(lz) — Im()) X, X((I)=4.

W) ={re+xfa:r >0, x € R}, T={2Re[{fr]: € S'}, and
O(1) = (|k2lez + lafa, 2Re[(12/|12]) exp(—ilog|l2]) f2]) .
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Q3={l:1;, =1, =13 =0}: Here i(l) = j(I) = &, and the orbits are single
points. We have F = {Q3}, W(Q3)=(0), Z=Q3,and () = (0,1).

Example 2. Let g = span{4, X5, X;, Y», Y|, T4, T3, T, T|} with nonvan-
ishing brackets [4, X|] = X1 - X,, 4, Xh]= X1+ X5, [4, 1] =Y, - Y,,
A, V5] = Y1+ Vs, [A, T3] = 2T5 — 2T, [A, Tu] = 2Ts + 2T4, [A, T1] =
2T, [4, 2] = 2T, [Xi, ] = (1/2)(Ty + T3), [X1, Y2l = (1/2) (T4 - 1),
[X2, Y11= (1/2)(T4+ T3), [X2, Y2] = (1/2)(T; — T3) . The Jordan-Holder basis
hereis Z, =T, Z, =T, Z3=T3+iTy, Z4 = T3 — iT4,2Z5 = Y1 + iY>,
Z6= Yl —in, Z7=X1+iX2, Zg=X1 —in, Zg=A. For each Qt one has
F = {Q,}, except for Q3; in this example we focus only on Q3. We begin by
listing the first three layers.

Q={1:4#0,|4+iL]#BI}:a=1, j(i) =9, =35, jlia) =17,
i3=6, j(i3) =8,

Q={l:4=0,#0,[4+ib]#|B]}:iH =2, ji) =9, b =15,
J(i2)=17, i3=6, j(i3) =8,

Q={:#0,|L+ib]=|4l}:ii=1, jli1)=9, =5, jli)=7.

Set () =([X; +iX2, Yi]),t =1, 2. Applying the proof of Lemma 1.3 to
Q =Q;,wehave F ={0,, b} where O, ={le Q: f(1)#0}. For t=1, 2,
we have

¢$1,(N=1, Y1.()=2Z;, X, () =4,

$2,:(1) = B (/1B ()], Y2,.(1) = ¢2,,()~' (Bi(DY1 + B2(NT2),

Xa,.(1) = Re[(([X) — iXy, V2 (D)) p1 (X1 + iX2, D)].

W=Ww(Q)= {r.el + X165+ X207+ X3e9 : 11 >0, Xx; € R} , and

L={teQnV L ==l fi(l)Re(ls) + B() Im(Is) = 0, Re(Si(Dly) =
Re(B,(0)l7) = 0} where V =span{f;:1<j<8}.

Set z5(1) = ¢a,()~"1/Is], z2(1) = zs(O(L + iL)/[4 + ila| . Then B,(1) =
(It ]er + RC(Zs([)_l[5)€5 + RC(Z7([)_1[7)€7 + lgeg), ) where

A=P() =sgn(l)fi + |7 2f + 2Re[|| 7' '3 f3]
+ 2Re[zs(1) Im(zs5(1)~"1s5) f5] + 2 Re[z7(1) Im(z7() "' 1) f7].
Note that for [ € Q, Im(l3/([; + il;)) # 0. It is easily seen that for each 1 € X
and rie; + xjes + xye7 + x3eg € W, if Im(l3/(l; + ilz)) > 0 then
81(82"(r1e1 + X165 + X207 + X389, A)) = (r1€1 + X165 + X207 + X3€9, ),
while if Im(l3/(I; + il;)) < O then

6,(8; ' (rie; + x1e5 + X207 + X389, A)) = (1€ — X185 — X207 + X3€9, A).

4. CONCLUDING REMARKS

The layering g and a computable cross-section for each layer in p can be
obtained for other classes of Lie groups. However, there seems to be no version
of Proposition 2.6 for any general class of nonexponential groups. (This is due
in part to the fact that stabilizers are not connected, and hence there may be
l € g* such that 7;({) + U N n;(GI) is not simply connected.) Therefore the
exponential case appears to be the most general case for which an analogue of
Proposition 1.1, Chapter II of [18] holds. For general solvable groups the plan
is simple to state: determine layers where the orbit structure in the affine sets
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mj(l) + U is consistent, then compute a cross-section for the coadjoint orbits
inductively. The main problem with this is that in general it is difficult to give
a reasonable (or useful) description of the layers and their cross-sections. We
believe such a description can be obtained for the class of algebraic solvable Lie
groups. We shall address this case in a subsequent paper (with R. Penney).

In another direction, the extension of these results to arbitrary exponential
solvable Lie group actions appears quite possible. The main problem here is
extending Lemma 1.3; some technical details remain to be worked out.

We thank the referee for several important and helpful suggestions.
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